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Abstract
In this report, we have studied exceptional spectra of the two-qubit quantum Rabi model in
two situations. Firstly, an exceptional spectra is achieved in resonant condition, in which the
frequencies of two qubit and photon field satisfy resonant relation. With transformed rotating-
wave approximation (TRWA) method, the Rabi model can be mapped into the solvable formation
in qubit-photons Fock states space. Based on the quantum supperconducting circuits experiment
setup, the best value range of the system parameters are discussed. In the ”resonant station”
working window, the energy spectrums are calculated. Secondly, a special quasi-exact solution of
two qubits Rabi model in reservoir is achieved. The algebraic structure of Hamiltonian is analyzed
in the photon number space, a closed quasi-exact eigenstates space is found, and the quasi-exact
solution can be clearly found from the algebraic structure of Hamiltonian. The results could be
used to test quantum Rabi model.
PACS numbers: 03.65.Ge, 42.50.Ct
∗ yanzhanyuan@ncepu.edu.cn
† 479323309@qq.com
1
I. INTRODUCTION
The Rabi model describes the interaction between light and matter [1, 2], which was
introduced 70 years ago, it is one of the simplest and most universal models in modern
physics. However, in quite a long period of time, people usually use J-C model[3], which
can be achieved from Rabi model after taking the rotating-wave approximation(RWA), to
describes the interaction between a two-level system and a quantized harmonic oscillator in
the field of quantum optics, because it is hard to find a second conserved quantity besides the
energy, and the Hamiltonian is often an infinite dimension Non-Diagonal matrix in Hilbert
space. Recently, the interest on the quantum Rabi model has been relighted due to the
realization of ultrastrong qubit-photon coupling in circuit QED experiments [4], where the
rotating-wave approximation breaks down, and the systems dynamics must be governed by
the Rabi model. Numerical method is often used to obtain the energy spectrums and the
wave functions [5]. Till 2011, D. Braak used the property of Z2 symmetry of the Rabi model,
an analytical solution was obtained using the Bargmann space of entire functions to model
the bosonic degree of freedom [6]. Furthermore, coherent states methods [7], perturbation
method [8], Bogoliubov operators [9, 10]. However, the problem is far from solved, the
analytical solution is often in the form of series expansion, and it is difficult to extract the
fundamental physics from results of the Rabi model and to precisely control the experimental
parameters to process quantum information [11].
Here, we are interested in the quantum Rabi model for two qubits, it is basic and fun-
damental to the construction of the universal quantum gate [12]. Recently, theoretical
prediction and experimental realization of new phenomena or special characters related to
two-qubit Rabi model are extensively concerned. In experiment, many two-qubit gates for
superconducting qubits require specific arrangements of qubit frequencies to perform opti-
mally [13]. For example, The cross resonance (CR) gate works for qubits within a narrow
window of detunings defined by the anharmonicity of the qubits, this restriction becomes ac-
centuated in larger networks of qubits where all qubit frequencies must be arranged within
a small frequency window [14]. Its analytical solution was obtained in [15] by means of
Bargmann space approach, the exceptional solutions in [16], and also in [7] with extended
coherent states representation. However, the analytical solutions expressed in qubit-photons
Fock states space are expected, because it is more fundamental in physics. With a pertur-
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bation theory, L Yu has achieved the analytical solutions of Rabi model that describes
the interaction between a two-level system and a quantized harmonic oscillator in photon
number space [8]. In this report, we extend this method to two-qubit circumstance. With
transformed rotating-wave approximation (TRWA), the analytical solutions for two qubits
Rabi model are achieved in resonant condition. Besides, a special dark states-like eigen-
state of two-qubit quantum Rabi model is found in [15], which may provide some interesting
application in a simpler way. In this paper, we concern about the exceptional spectra of two-
qubit Rabi model in a reservoir, and the characters of quasi-exact solutions and algebraic
structure of Hamiltonian.
The paper is organized as follows. In section II, we analytically retrieve the solution of
the two-qubit quantum Rabi model using TRWA method. In section III, the dark states-like
eigenstate of two-qubit Rabi model in reservoir is studied. Finally, we make some conclusions
in section IV.
II. SOLUTIONOF TWO-QUBIT QUANTUMRABI MODEL IN QUBIT-PHOTON’S
FOCK STATES SPACE
Now, we will consider the two-qubit Rabi model which has the Hamiltonian of the form
H = ωa†a+ g1σ1x(a+ a
†) + g2σ2x(a+ a
†) + ∆1σ1z +∆2σ2z, (1)
where σ1x, σ2x, σ1z , σ2z are the Pauli matrices for the two two-level atoms with level splitting
∆1, ∆2 , respectively, g1 and g2 are the coupling parameters. When performing a rotation
around the y axis with R = eipi
σ1y
4 ⊗ eipi σ2y4 , the Rabi model becomes
H ′ = ωa†a− g1σ1z(a + a†)− g2σ2z(a+ a†) + ∆1σ1x +∆2σ2x. (2)
Based on a unitary transformation, the transformed rotating-wave approximation (TRWA)
method is proposed to study spin-boson system [17], this approach takes into account the
effect of counter-rotating terms but still keeps the Hamiltonian with a simple mathematical
structure. The unitary transformation read as
U1 = e
λ1σ1z(a†−a), U2 = e
λ2σ2z(a†−a), (3)
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with λ1 and λ2 being the dimensionless parameter determined by the following calculations,
an effective Hamiltonian is given by HE = U
†
2U
†
1H
′U1U2, namely,
HE = H1 +H2 +H3, (4)
where
H1 =ωa
†a− λ2ωσ2z(a† + a) + λ22ω − λ1ωσ1z(a† + a) + 2λ1λ2ωσ2zσ1z+λ21ω, (5a)
H2 =−g1(a† + a)σ1z + 2λ2g1σ1zσ2z + 2λ1g1 − g2(a† + a)σ2z + 2λ2g2, (5b)
H3 =∆1
{
σ1xconsh
[
2λ1(a
† − a)]+ iσ1y sinh [2λ1(a† − a)]}
+∆2
{
σ2xconsh
[
2λ2(a
† − a)]+ iσ2y sinh [2λ2(a† − a)]} . (5c)
In Eq.(5C), if the multiphoton process is neglected, then the high-order terms for a and a†
can be eliminated. In the eigenstates of σ1x with σ1x |±〉= ± |±〉 and in the eigenstates of
σ2x with σ2x |±〉= ± |±〉, see appendix A, the effective Hamiltonian Eq.(4) reduces to the
form
HE =ωa
†a+ λ21ω + 2λ1g1 + 2λ2g2
+λ22ω + (2λ2g1 + 2λ1g2 + 2λ1λ2ω)(τ1+ + τ1−)(τ2+ + τ2−)
+(g1 + λ1ω)(τ1+ + τ1−)(a
† + a) + (g2 + λ2ω)(τ2+ + τ2−)(a
† + a)
+∆1
{
τ1zG0(N) + (τ+ − τ−)[F1(N)a† − aF1(N)]
}
+∆2
{
τ2zG0
′(N) + (τ+ − τ−)[F1′(N)a† − aF1′(N)]
}
. (6)
The effective Hamiltonian conserves Z2 symmetry with the transformation R
′ = eipia
†a ⊗
σ1x ⊗ σ2x, which allows us to extend the idea of a parity basis used in the single-qubit Rabi
model[18]. In two qubits system, Hilbert space also split in two unconnected subspaces or
parity chains as
|j〉+ =

 · · · |2n+ 1,−,+〉 , |2n+ 1,+,−〉 , |2n+ 2,+,+〉 ,|2n+ 2,−,−〉 , |2n+ 3,−,+〉 , |2n+ 3,+,−〉 · · ·

 , (7a)
|j〉− =

 · · · |2n,−,+〉 , |2n,+,−〉 , |2n+ 1,+,+〉 ,|2n+ 1,−,−〉 , |2n+ 2,−,+〉 , |2n + 2,+,−〉 · · ·

 . (7b)
In Fock space, the Hamiltonian is infinite dimensional with off-diagonal elements, see ap-
pendix A. In general, it cannot be solved analytically. However, in the current experi-
mental setup with ultrastrong coupling (λ < 0.5ω), the numerical result shows that the
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dimensionless parameter λ is small compared with the unit. In single qubit Rabi model,
if (g + λω)
√
2n + 1 − ∆F (2n + 1, 2n) = 0, the Rabi model can be mapped into the solv-
able Jaynes-Cummings-like model, in Ref.[8], the dimensionless parameter λ is chosen as
λ ≈ − g
ω+2∆e
−(
g
ω+2∆
)
2 , the ground and excited-state-energy spectrums agree well with the
direct numerical simulation in a wide range of the experimental parameters. For two-qubit
Rabi model, choosing proper parameter λ1 and λ2, let
(g1 + λ1ω) + 2∆1λ1e
−2λ21=0, (8)
(g2 + λ2ω)− 2∆2λ2e−2λ22=0. (9)
the structure of Hamiltonian (A2) will become much more simple, but cannot be solved
analytically yet. However, if the frequency ω, ∆1 and ∆2 are proper controlled in experiment,
and satisfied the relation
2λ2g1 + 2g2λ1 + 2λ1λ2ω = 0. (10)
the Hamiltonian matrix takes the formation of block diagonal matrix, each block is a 4× 4
matrix, read as
+ 〈j|HE |j〉+ =


. . .
...
...
...
...
...
... . .
.
· · · A 0 0 0 0 0 · · ·
· · · 0 B X Y 0 0 · · ·
· · · 0 X C 0 Y 0 · · ·
· · · 0 Y 0 D X 0 · · ·
· · · 0 0 Y X A′ 0 · · ·
· · · 0 0 0 0 0 B′ · · ·
. .
. ...
...
...
...
...
...
. . .


(11)
in which
X =(g2 + λ2ω)
√
2n+ 2 +∆2F1
′(2n+ 2, 2n+ 1),
Y =(g1 + λ1ω)
√
2n+ 2−∆1F1(2n+ 2, 2n+ 1),
A =ω(2n+ 1) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 1) + ∆2G0(2n+ 1),
B =(2n+ 1)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 1)−∆2G0′(2n+ 1),
C =(2n+ 2)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 2) + ∆2G0
′(2n+ 2),
D =(2n+ 2)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 2)−∆2G0′(2n+ 2),
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A′ =ω(2n+ 3) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 3) + ∆2G0(2n+ 3),
B′ =ω(2n+ 3) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 3)−∆2G0′(2n+ 3).
The wave function, correspondence to the block matrix, is
|ψ〉 = . . .+E2n+1,+,− |2n+ 1,+,−〉+ E2n+2,+,+ |2n+ 2,+,+〉
+E2n+2,−,− |2n+ 2,−,−〉+ E2n+3,−,+ |2n+ 3,−,+〉 . . . . (12)
Then, the Hamiltonian matrix of two qubits Rabi model in Fock space cannot be solved
analytically.
Eq.(8), (9), (10) suggests a special condition, a kind of ”resonant state” relies on exper-
imental ability, the detailed value of parameter g1, g2,∆1,∆2 is the working window of the
system, the energy spectrum of ”resonant state” could be used to examine Rabi model.
For the superconducting circuits are currently the most experimentally advanced solid-
state qubits, the following discussion about the parameter of the ”resonant state” based on
the experimental setup in ref.[4], with ultrastrong coupling 0.1 ≤ g1, g2 ≤ 1.0 . In the process
of TRWA, λ1 and λ1 have been regarded as small parameter, so we make the absolute value
of them less than 0.1 to ensure the accuracy of approximation. Furthermore, we assume
that the second Josephson junction is designed firstly with ∆2 varied from 1.0ω to 2.5ω, the
other parameters are designed according to resonant relations Eq.(8), (9), (10), and g1 is
the last adjustable variable.
From the structure of equation (8), (9), (10), we find Eq.(9) is the most critical relation,
for the existence of singularities in the solution of λ2, which is not exist in Eq.(8). So, we
begin with the discussion of appropriate value of g2 determined by λ2.
A sharp decline of λ2 is found in Fig.1(a), with ∆2 = 1.0, 1.5, 2.0, 2.5. With the state-
ment above, when the absolute value of λ2 is larger than 0.1, the approximation is failure.
Therefor, a larger value of ∆2 is benefit to the selecting of g2, when ∆2 near to 2.5, the
coupling parameter g2 can be chosen between 0.1 to 1.0 in the case of ω = 1.0. if ∆2 is
determined, the range of g2 shrinked with the decrease of ω as shown in Fig.1(b), with the
typical frequency ω = 1.0, the range of g2 is [0.1,0.8]. The same situation also appears in
the discussion of ∆1 indicate by Fig.2, because resonant relation Eq.(10) transmits the char-
acter of λ2 to ∆1. The value of ∆1 should be in the region [0.05,0.4] to satisfy the resonant
relation, when g1 = 0.9.
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FIG. 1: (a) The range of λ2 with varied ∆2, when ω = 1.0. (b) The range of λ2 with varied
ω, when ∆2 = 2.0.
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FIG. 2: (a) The range of ∆1 with varied ∆2, when ω = 1.0,g1 = 0.9. (b) The range of ∆1
with varied ω, when ∆2 = 2.0,g1 = 0.9.
In the ”resonant state” working window of the system, the energy spectrum are plotted
in Fig.3 with ω = 1.0 for a typical frequency, and ∆2 = 2.0ω, g2 = 0.7, to ensure the
working window as large as possible. The energy spectrum could be checked experimentally,
furthermore, two-qubit quantum Rabi model could be examined.
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FIG. 3: ”Resonant state” energy spectrum of two-qubit quantum Rabi model.
III. QUASI-EXACT SOLUTION OF TWO-QUBIT QUANTUM RABI MODEL IN
RESERVOIR
Realistic quantum systems cannot avoid interactions with their environments, thus the
study of open quantum systems is very important. Many efforts have been focused on
decoherence and disentanglement effects in Markovian process and non-Markovian processes
[19–23], However, the algebraic structure of Hamiltonian of the multi qubit system is seldom
studied before. In this section, we will discuss the exceptional spectra of two-qubit quantum
Rabi model in reservoir, the Hamiltonian of the system is given by
Hst =ωa
+a+
∑
k
ωkb
+
k bk +
∑
k
Vk(b
+
k a + a
+bk) + g1σ1x(a+ a
+) + g2σ2x(a + a
+)
+∆1σ1z +∆2σ2z +
∑
k
g1k
′(bk + b
+
k
)σ1x +
∑
k
g2k
′(bk + b
+
k
)σ2x. (13)
in which, ωk, bk and b
†
k are respectively the frequency, annihilation and creation operators
for the k-th harmonic oscillator of the reservoir, and g′1k and g
′
2k are the coupling param-
eters between the qubits and the environment. Vk is the coupling constant between the
k-th harmonic oscillator of the zero-temperature bosonic reservoir and the transmission line
resonator.
With the pseudomode approach, the number of the pseudomodes relies on the shape of
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the reservoir spectral distribution. Since a Lorentzian function
D(ω) =
Γ
(ω − ωc) +
(
Γ
2
)2 . (14)
has only one pole in the lower half complex plane. According to the theory of the pseudo-
mode, the number of the pseudomode depends on the form of the spectral distribution of
the reservoir. For the single Lorentzian model, the interaction between the reservoir and the
quantum system in the whole spectrum is represented by the interaction of a pseudomode
at the singular point. The Hamiltonian describing the interaction between two qubits and
the reservoir and the optical field is as follow:
H ′ =ωa†a + ω1b
†b+ V (b†a+ a†b) + g1σ1x(a+ a
†) + g2σ2x(a + a
†)
+∆1σ1z +∆2σ2z + g1
′σ1x(b+ b
†) + g2
′σ2x(b+ b
†). (15)
On the basis of the section II, an additional transformation U ′ = eλ1σ1x(b
†−b)eλ2σ2x(b
†−b) is
put on H ′, the effective Hamiltonian can be written as
H ′E =ωa
†a+ ω1b
†b+ λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2
+g1
′(b+ b†)(τ1+ + τ1−) + g2
′(b+ b†)(τ2+ + τ2−)
+(g2 + λ2ω)(τ2+a
† + τ2−a) + (g1 + λ1ω)(τ1+a
† + τ1−a)
+∆1
{
τ1zG0(N) + [ + τ1+F1(N)a
† + τ1−aF1(N)]
}
+∆2
{
τ2zG0
′(N) + [F1
′(N)τ2+a
†+τ2−aF1
′(N)]
}
(16)
H ′E process a Z2 symmetry with the transformation R
′′ = eipia
†a ⊗ eipib†b⊗ σ1x ⊗ σ2x. Taking
odd parity, (m+ n is even), Hilbert space for example,
|J〉 =


· · · |m,n− 1,−,−〉 , |m− 1, n,+,+〉 , |m,n,+,−〉 , |m,n,−,+〉 ,
|m+ 1, n,−,−〉 , |m,n + 1,+,+〉 , |m+ 1, n+ 1,+,−〉 ,
|m+ 1, n+ 1,−,+〉 , |m+ 2, n+ 1,−,−〉 , |m+ 1, n+ 2,+,+〉 · · ·

 (17)
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The effective Hamiltonian matrix takes the formation as


...
...
A 0
√
nK1
√
nK2 0 0 0 0 0 0
0 B g2′
√
m g1
′
√
m 0 0 0 0 0 0
√
nK1 g2
′
√
m C 0 g1′
√
m+ 1
√
n+ 1K2 0 0 0 0
√
nK2 g1
′
√
m 0 D g2′
√
m+ 1
√
n+ 1K1 0 0 0 0
0 0 g1′
√
m+ 1 g2′
√
m+ 1 E 0
√
n+ 1K1
√
n+ 1K2 0 0
0 0
√
n+ 1K2
√
n+ 1K1 0 F
√
m+ 1g2
√
m+ 1g1 0 0
0 0 0 0
√
n+ 1K1
√
m+ 1g2 G 0
√
m+ 2g1
√
n+ 2K2
0 0 0 0
√
n+ 1K2
√
m+ 1g1 0 H
√
m+ 2g2
√
n+ 2K1
0 0 0 0 0 0
√
m+ 2g1
√
m+ 2g2 I 0
0 0 0 0 0 0
√
n+ 2K2
√
n+ 2K1 0 J
...
...


(18)
in which,
K1 = g1 − g1
ω − η1ω − 2∆1
g1
ω − η1 e
−2( g1
ω−η1
)
2
,
K2 = g2 − g2
ω − η2ω − 2∆2
g2
ω − η2 e
−2( g2
ω−η2
)
2
.
with ηi = 2∆ie
−( gi
ω−2∆i
)
2
, (i = 1, 2).
In this subspace, the initial state |ψ〉 is expressed with the coefficient
 · · · cm+n−1,1, cm+n−1,2, cm+n,1, cm+n,2, cm+n+1,1,cm+n+1,2, cm+n+2,1, cm+n+2,2, cm+n+3,1, cm+n+3,2 · · ·

 (19)
For H |ψ〉 = |ψ′〉, we study the quasi-exact eigenstates[9], with the coefficients of g1′ =
g2
′, g1=g2,∆1 = ∆2, furthermore,
g1
′√m+ 1cm+n,1 + g2′
√
m+ 1cm+n,2 = 0,
√
n+ 1K2cm+n,1 +
√
n+ 1K1cm+n,2 = 0, (20)
then this subspace is closed. By using the time independent Scho¨dinger equation, we obtain
√
nK1cm+n−1,1 + g2
′√mcm+n−1,2 + (ω1m+ ωn)cm+n,1 = Ecm+n,1,
√
nK2cm+n−1,1 + g1
′√mcm+n−1,2 + (ω1m+ ωn)cm+n,2 = Ecm+n,2. (21)
So, when the eigen energy E = ω1m+ωn, for a special case, cm+n−1,1 = cm+n−1,2 = 0, there
is a invariant subspace formed by {|m,n,+,−〉 , |m,n,−,+〉} and the eigenstate is
|ψ〉m,n =
1√
2
(|m,n,+,−〉 − |m,n,−,+〉), (22)
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which is the famous dark state [9, 24], where the spin singlet is decoupled from the photon
field.
Now, take E = 2ω1+2ω for an example, the subspace is a six-dimension vector after the
truncation in Eq.(19),
{|0, 0,+,−〉 , |0, 0,−+〉 , |1, 0,−,−〉 , |0, 1,+,+〉 , |1, 1,+,−〉 , |1, 1,−,+〉} .
The Hamiltonian H2ω1+2ω is written as
H2ω1+2ω =


0 0 g1
′ K2 0 0
0 0 g2
′ K1 0 0
g1
′ g2′ ω1 + ω 0 K1 K2
K2 K1 0 ω1 + ω g2
′ g1′
0 0 K1 g2
′ 2ω1 + 2ω 0
0 0 K2 g1
′ 0 2ω1 + 2ω


. (23)
It is straightforward to calculate the eigenstate
|ψ〉2ω1+2ω =
g′
K
(
−ω1 − ω
g′
− g
′
−2ω1 − 2ω −
K
−2ω1 − 2ω −
K2
g′
(−ω1 − ω)(
g′2 −K2)
)
|0, 0,+,−〉
+
g′
K
(
−ω1 − ω
g′
− g
′
−2ω1 − 2ω −
K
−2ω1 − 2ω −
K2
g′
(−ω1 − ω)(
g′2 −K2)
)
|0, 0,−+〉
− g
′
K
|1, 0,−,−〉+ |0, 1,+,+〉+ |1, 1,+,−〉 − |1, 1,−,+〉 . (24)
Following the truncation of Eq.(19), for E = ω1m + ωn, the correspondence Hamiltonian
Hω1m+ωn is a [2(m + n − 1) × 2(m + n − 1)] matrix in quasi-exact eigenstates. So, it is
interesting, the quasi-exact solution of the system can be clearly found from the algebraic
structure of Hamiltonian.
IV. CONCLUSION
In summary, quantum Rabi model has a simple form of expression, but it is difficult to
be solved, and for the two-qubit Rabi model, the analytical solution is more difficult. We
have studied two exceptional solution of two-qubit Rabi model in two special situations.
Firstly, if the frequencies of two qubit∆1,∆1 and photon field ω satisfy resonant relation,
the two-qubit Rabi model can be mapped into the solvable formation in qubit-photons Fock
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states space. If the resonance condition can be realized in the experiment, then it will
be a method to test Rabi model. Secondly, we have studied the two-qubit quantum Rabi
model in reservoir. Here, two-qubit system consist of two qubits and photon field, if the
system interact with environments, the Boson field of reservoir, coupling between qubits
and reservoir, and coupling between reservoir field and photon field should be considered
additionally. In single Lorentzian model, the interaction between the reservoir and the
quantum system in the whole spectrum is represented by the interaction of a pseudomode
at the singular point according to the pseudomode approach, the Hamiltonian describing the
interaction between two qubits and the reservoir and the optical field is a complicated matrix
in complete Fock states space. Then, the algebraic structure of Hamiltonian is analyzed in
the photon number space, a closed quasi-exact eigenstates space is found, and the quasi-
exact solution can be clearly found from the algebraic structure of Hamiltonian. Our results
as well as any finding basis on them provide a program to test the Rabi model.
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Appendix A: The effective Hamiltonian
In the eigenstates space of σ1x and σ2x, σ1x|±〉1=± |±〉1, σ2x|±〉2=± |±〉2, defining
τ1z = |+〉11 〈+| − |−〉11 〈−| , τ2z = |+〉22 〈+| − |−〉22 〈−| ,
τ1+ = |+〉11 〈−| , τ2+ = |+〉22 〈−| , τ1− = |−〉11 〈+| , τ2− = |−〉22 〈+| ,
The Pauli spin operators is
σ1z = −(τ1+ + τ1−), σ1y = −i(τ1+ − τ1−), σ1x → τ1z
σ2z = −(τ2+ + τ2−), σ2y = −i(τ2+ − τ2−), σ2x → τ2z
In Eq.(4), consh[2λ(a† + a)] and sinh[2λ(a† + a)] are the even and odd functions respec-
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tively, the terms and can be expanded as
consh[2λ(a† + a)]= G0(N) +G1(N)a
†2 + a2G1(N) + · · · , (A1a)
sinh[2λ(a† + a)]= F1(N)a
† − aF1(N) + F2(N)a+ · · · . (A1b)
in which, Gi(N) and Fj(N), i = 0, 1, 2 · · · , with N = a†a are the coefficients that depend
on the dimensionless parameter λ and the photon number n. In Fock space of Eq.7a, the
Hamiltonian matrix takes the formation as
+ 〈j|HE|j〉+ =


. . .
...
...
...
...
...
... . .
.
· · · H11 H12 H13 H14 H15 H16 · · ·
· · · H21 H22 H23 H24 H25 H26 · · ·
· · · H31 H32 H33 H34 H35 H36 · · ·
· · · H41 H42 H43 H44 H45 H46 · · ·
· · · H51 H52 H53 H54 H55 H56 · · ·
· · · H61 H62 H63 H64 H65 H66 · · ·
. .
. ...
...
...
...
...
...
. . .


(A2)
in which
H11= 〈2n+ 1,−,+|HE |2n+ 1,−,+〉
= ω(2n+ 1) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 1) + ∆2G0(2n+ 1).
H12= 〈2n+ 1,−,+|HE |2n,+1,+,−〉 = H21 = 〈2n+ 1,+,−|HE |2n+ 1,−,+〉
= 2λ2g1 + 2g2λ1 + 2λ1λ2ω.
H13= 〈2n+ 1,−,+|HE |2n+ 2,+,+〉 = H31 = 〈2n+ 2,+,+|HE |2n+ 1,−,+〉
= (g1 + λ1ω)
√
2n + 2 +∆1F1(2n+ 2, 2n+ 1).
H14= 〈2n+ 1,−,+|HE |2n+ 2,−,−〉 = H41= 〈2n+ 2,−,−|HE |2n+ 1,−,+〉
= (g2 + λ2ω)
√
2n + 2−∆2F1′(2n+ 2, 2n+ 1).
H22= 〈2n+ 1,+,−|HE |2n+ 1,+,−〉
= (2n+ 1)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 1)−∆2G0′(2n+ 1).
H23= 〈2n+ 1,+,−|HE |2n+ 2,+,+〉 = H32 = 〈2n+ 2,+,+|HE |2n+ 1,+,−〉
= (g2 + λ2ω)
√
2n+ 2 +∆2F1
′(2n + 2, 2n+ 1).
H24= 〈2n+ 1,+,−|HE |2n+ 2,−,−〉 = H42 = 〈2n+ 2,−,−|HE |2n + 1,+,−〉
= (g1 + λ1ω)
√
2n+ 2−∆1F1(2n+ 2, 2n+ 1).
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H33= 〈2n + 2,+,+|HE |2n+ 2,+,+〉
= (2n+ 2)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 2) + ∆2G0
′(2n+ 2).
H34= 〈2n + 2,+,+|HE |2n+ 2,−,−〉 = H43 = 〈2n+ 2,−,−|HE |2n+ 2,+,+〉
= 2λ2g1 + 2g2λ1 + 2λ1λ2ω.
H35= 〈2n + 2,+,+|HE |2n+ 3,−,+〉 = H53 = 〈2n+ 3,−,+|HE |2n+ 2,+,+〉
= (g1 + λ1ω)
√
2n+ 3−∆1F1(2n+ 3, 2n+ 2).
H36= 〈2n + 2,+,+|HE |2n+ 3,+,−〉 = H63 = 〈2n+ 3,+,−|HE |2n+ 2,+,+〉
= (g2 + λ2ω)
√
2n+ 3−∆2F1′(2n+ 3, 2n+ 2).
H44= 〈2n+ 2,−,−|HE |2n+ 2,−,−〉
= (2n+ 2)ω + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 2)−∆2G0′(2n+ 2).
H45= 〈2n+ 2,−,−|HE |2n+ 3,−,+〉 = H54 = 〈2n+ 3,−,+|HE |2n+ 2,−,−〉
= (g2 + λ2ω)
√
2n+ 3 +∆2F1
′(2n+ 3, 2n+ 2).
H46= 〈2n+ 2,−,−|HE |2n+ 3,+,−〉 = H64 = 〈2n+ 3,+,−|HE |2n+ 2,−,−〉
= (g1 + λ1ω)
√
2n+ 3 +∆1F1(2n+ 3, 2n+ 2).
H55= 〈2n+ 3,−,+|HE |2n+ 3,−,+〉
= ω(2n+ 3) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 −∆1G0(2n+ 3) + ∆2G0(2n+ 3).
H56= 〈2n+ 3,−,+|HE |2n+ 3,+,−〉 = H65 = 〈2n + 3,+,−|HE |2n+ 3,−,+〉
= 2λ2g1 + 2g2λ1 + 2λ1λ2ω.
H66= 〈2n+ 3,+,−|HE |2n+ 3,+,−〉
= ω(2n+ 3) + λ21ω + λ
2
2ω + 2λ1g1 + 2λ2g2 +∆1G0(2n+ 3)−∆2G0′(2n+ 3).
H15= 〈2n+ 1,−,+|HE |2n+ 3,−,+〉 = H51 = 〈2n+ 3,−,+|HE |2n+ 1,−,+〉 = 0
H16= 〈2n+ 1,−,+|HE |2n+ 3,+,−〉 = H61 = 〈2n+ 3,+,−|HE |2n+ 1,−,+〉 = 0
H25= 〈2n+ 1,+,−|HE |2n+ 3,−,+〉 = H52 = 〈2n+ 3,−,+|HE |2n+ 1,+,−〉 = 0
H26= 〈2n+ 1,+,−|HE |2n+ 3,+,−〉 = H62 = 〈2n+ 3,+,−|HE |2n+ 1,+,−〉 = 0
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It is straightforward to calculate that
G(1)
0
(n)= 〈n| consh[2λ1(a† − a)] |n〉 = e−2λ21Ln(4λ21) (A3a)
G(2)
0
(n)= 〈n| consh[2λ2(a† − a)] |n〉 = e−2λ22Ln(4λ22) (A3b)
F (1)
1
(n+ 1, n) = 〈n+ 1| sin h[2λ1(a† − a)] |n〉=2λ1e
−2λ21L1n(4λ
2
1)√
n+ 1
(A3c)
F (2)
1
(n+ 1, n) = 〈n+ 1| sin h[2λ2(a† − a)] |n〉=2λ2e
−2λ22L1n(4λ
2
2)√
n+ 1
(A3d)
when λ is small, the Laguerre polynomial is given by
L1n(4λ
2) ≈ n + 1, Ln(4λ2) ≈ 1.
If the dimensionless parameter λ1 and λ2 are chosen as Eq.(8), then H13 and H14 are zero.
And the resonant relation Eq.(9) makes
2λ2g1 + 2g2λ1 + 2λ1λ2ω = 0. (A4)
Then, the Hamiltonian takes the formation of a block diagonal matrix as Eq.(11).
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